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tion of eletroweak
bosons with polarized proton beams at the Relativisti Heavy Ion Collider depends on good un-
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I. INTRODUCTION
The ommissioning of polarized proton beams with energies from 100 to 250 GeV at
the Relativisti Heavy Ion Collider (RHIC) [1℄ has started a new stage in physis of spin-
dependent ollisions. In partiular, measurement of spin-dependent parton distribution fun-
tions (PDFs) will be the top priority in the experiments with longitudinal polarization. So
far, these spin-dependent ounterparts of the unpolarized PDFs were onstrained only by
the lepton-nuleon deep inelasti sattering (DIS) data [210℄, whih onentrates at rel-
atively small momentum transfers (Q2 ∼ 1 GeV2). In ontrast, RHIC will explore the
spin-dependent PDFs in a muh larger range of Q2 and using a variety of spin-dependent
partile reations, inluding prodution of Drell-Yan lepton pairs and resonant prodution
of W± and Z0 bosons [11℄.
Vetor boson prodution (VBP) with polarized hadron beams, whih proeeds through
annihilation of a quark and antiquark at the Born level, is the most natural andidate to
probe spin-dependent quark polarizations [1214℄. Furthermore, in pp ollisions the Born
level ross setions are sensitive to the distributions of sea quarks. In this sense, VBP
omplements prodution of jets, pions, and heavy quark avors, whih primarily probe the
gluon distribution. No wonder that extensive bibliography is dediated to spin-dependent
prodution of Drell-Yan pairs [1528℄ and massive eletroweak bosons [26, 2936℄.
The prodution of W± bosons presents a partiularly interesting opportunity to learn
about the quark spin struture due to the maximal violation of spae-reetion parity in the
qq¯W oupling and non-trivial mixing of the quark avors through the Cabibbo-Kobayashi-
Maskawa (CKM) matrix [37, 38℄. While the former feature allows non-vanishing single-
spin ross setion asymmetries (whih are simpler than the parity-onserving double-spin
asymmetries), the latter feature failitates the study of the avor dependene of the sea
quark PDFs. The issue of avor symmetry breaking in the polarized quark sea was brought
in the limelight reently by the results on semi-inlusive hadroprodution in spin-dependent
DIS by HERMES Collaboration [39℄. In that measurement, the issues of higher-order and
higher-twist orretions are an important onsideration due to small values of Q2. At the
same time, W boson prodution at RHIC has a potential to pin down the quark sea avor
struture at largeQ2, i.e., at energies where perturbative quantum hromodynamis (PQCD)
is truly valid.
2
The original method [11, 40℄ for the measurement of polarized PDFs in W boson pro-
dution at RHIC relies on the reonstrution of the spin-dependent distribution dσ/dy over
the rapidity y of the W bosons. The method is based on the observation that the Born
level single-spin asymmetry of dσ/dy is desribed by a simple theoretial expression, whih
further redues to the ratio ∆q(x)/q(x) of the polarized and unpolarized PDFs when the
absolute value of y is large. Unfortunately, the appliation of this method is obstruted
by speis of the detetion of the W± bosons at RHIC. Sine neither of RHIC detetors
ontrols the energy balane in partile reations, the energy and momentum of the neutrino
in the deay are ompletely unknown, so that the information about the momentum of the
W boson is inomplete. As a result, the determination of the rapidity y of the W boson
from the observation of just one harged lepton is generally impossible.
It an be shown that the ambiguity in the reonstrution of y redues to the unertainty
in the knowledge of the transverse momentum qT of the W boson [11℄. If qT were known
exatly, the rapidity y of the W boson an be derived (up to a two-fold ambiguity) from
the measured rapidity yℓ and transverse momentum pTℓ of the harged lepton (see the
aompanying paper [41℄ for more details on this reonstrution method). For instane, if
allW bosons were produed through the Born proess qq¯ → W , the transverse momentum qT
would be zero, and the orret solution for y an be hosen statistially for the leptons with
large absolute values of the lepton rapidity yℓ, i.e., esaping near the beam pipe diretion.
In reality, the W± bosons arry a non-zero transverse momentum due to QCD radiation,
with the most probable magnitude in the unpolarized ase of about 2 GeV. Most of the
W± bosons obtain a non-zero qT through the radiation of soft and ollinear partons, whih
annot be approximated by nite-order perturbative alulations. Sine the power series in
the strong oupling αS does not onverge in the small-qT region, summation of dominant
logarithmi terms through all orders of this series is needed. This all-order summation an
be realized with the help of the methods that were studied in a substantial detail [42
58℄ in the unpolarized ase. Note, however, that the properties of the multiple parton
radiation depend on the spin of the initial hadrons. The spin dependene of the ollinear
radiation o the external parton lines an be seen from an expliit alulation. An additional
spin dependene an be ontributed by the unknown nonperturbative dynamis of strong
interations at large distanes. Thus, onlusions about the nature of the multiple parton
radiation in the polarized hadroni ollisions annot be inferred from the unpolarized ase,
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and an additional study is required to estimate the spin dependene of suh radiation under
the RHIC onditions.
The main goal of this paper is to provide a theoretial framework for suh a study. We
present a omplete formalism for resummation in VBP with the proton beams of an arbitrary
longitudinal polarization. Furthermore, we expliitly aount for the deay of the vetor
bosons into the observed leptons, whih is important beause of the ompliated geometry of
RHIC detetors. The results are derived at a one-loop level of PQCD, and the summation of
large logarithms is performed with the help of the impat parameter resummation tehnique
[47℄. The detailed disussion of this lepton-level resummation formalism in the unpolarized
ase an be found in Ref. [50℄. The theoretial results are presented for arbitrary ouplings
of the vetor boson, whih makes the results of this paper also appliable to lepton pair
prodution mediated by photons or Z0 bosons. Our eventual produt is a numerial program
for Monte-Carlo integration of fully dierential resummed ross setions in the presene
of experimental uts. In the aompanying paper [41℄, we present numerial results for
the single-spin asymmetries in W boson prodution and estimate the sensitivity of these
asymmetries to dierent models of polarized PDFs.
To review the already available literature, we note that the nite-order asymmetries of
order O(αS) in the Drell-Yan proess are urrently available for distributions in full lepton
pair momentum [19℄, invariant mass [22℄, and rapidity [23℄. Analogous distributions for W
boson prodution were published in Refs. [30, 35, 36℄. Reently, the O(α2S) fully dierential
distributions of the Drell-Yan pairs were obtained in Ref. [27℄. Furthermore, Refs. [19, 30℄
presented the O(αS) resummed single- and double-spin ross setions in the narrow width
approximation, and theO(αS) Sudakov fator was expliitly demonstrated to be independent
from the polarization of the proton beams. Note that most of the above publiations (with
the exeption of the forward-bakward asymmetry in Ref. [35℄ and polar angle distribution
of the Drell-Yan leptons in the lab frame in Ref. [28℄) disuss the behavior of the whole
lepton pair, rather than the distributions of the individual leptons.
In this paper, we go beyond the previous results in several aspets. First, we present the
fully dierential nite-order and resummed ross setions for the deaying eletroweak vetor
bosons, i.e., we ompletely aount for the spin orrelations between the hadroni subsystem
and leptoni nal state. In other words, the ross setions in this work are fully dierential
in the individual lepton momenta, rather than in the momentum of the lepton pair. These
4
ross setions are implemented in a Monte-Carlo integration program. Suh lepton-level
analysis requires alulation of several additional angular struture funtions, whih do not
ontribute in the narrow width approximation. Furthermore, the qT resummation is needed
not only for the parity-onserving angular funtion 1+cos2 θ, whih ontributes to the boson-
level ross setion, but also for the parity-violating angular funtion 2 cos θ, whih aets the
angular distributions of the deay produts. The alulation for the parity-violating term
2 cos θ is substantially more omplex, beause it involves a large number of γ5 matries (and
Levi-Civita tensors) oming from both spin projetion operators and axial ouplings of the
eletroweak Lagrangian. In ontrast, the parity-onserving term 1 + cos2 θ depends on γ5
matries and Levi-Civita tensors from the spin projetion operators only.
It is well known that speial are is needed to deal with the γ5 matries in n 6= 4
dimensions. In order to takle this issue eiently, we have evaluated the n-dimensional ross
setions using the dimensional redution method [5961℄. We then onverted our results to
the onventionalMS fatorization sheme, whih utilizes dimensional regularization [62, 63℄.
From our alulation, we have found that the spin-dependent resummed ross-setions in
[19, 30℄ ould not be used with the existing parametrizations of the polarized PDFs in theMS
sheme, due to the dierent fatorization sheme used in those papers. In addition, Ref. [30℄
has used an unonventional normalization for the n-dimensional single-spin ross setion in
the qG hannel. The present work has paid a speial attention to retify those inonsistenies
and obtain the hard ross setions ompatible with the existing phenomenologial PDF
parametrizations in the MS sheme.
The paper has the following struture. In Setion II, we introdue the notations for the
kinematial variables and spin-dependent ross setions. Setion III disusses the regular-
ization of ross setion singularities by ontinuation of observables to n 6= 4 dimensions, as
well as the treatment of the γ5 matries. In Setion IV, we present in detail the O(αS)
nite-order and resummed ross setions. Setion V ontains the summary of our results
and onlusions. The appendix ontains the expressions for all struture funtions that
ontribute to the lepton-level O(αS) ross setions.
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Figure 1: Notations for the momenta and heliities of the partiipating partiles.
II. NOTATIONS
A. Kinematial variables
We disuss inlusive prodution of a lepton pair A(pA) +B(pB)→ V ∗(q) +X → ℓ1(l1) +
ℓ¯2(l2) +X mediated by a virtual vetor boson V . Our notations for the partile momenta
and heliities in this proess are shown in Fig. 1.
The momentum qµ of V an be onveniently parametrized by the invariant mass Q,
rapidity y, and transverse momentum qT of the vetor boson in the laboratory frame. We
have
Q2 ≡ qµqµ; (1)
y ≡ 1
2
ln
q+
q−
; (2)
q2T ≡ −qµt qtµ, (3)
where qµt is the omponent of the momentum q
µ
that is orthogonal (in the relativisti sense)
to the momenta pµA and p
µ
B:
qµt ≡ qµ −
(pA · q)
(pA · pB)p
µ
B −
(pB · q)
(pA · pB)p
µ
A. (4)
For any vetor nµ, the plus and minus omponents are dened as n± ≡ (n0 ± n3) /
√
2.
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It will be useful to introdue the hadroni and partoni Mandelstam invariants, dened
by
s = (pA + pB)
2; (5)
t = (pA − q)2; (6)
u = (pB − q)2; (7)
ŝ = (pa + pb)
2; (8)
t̂ = (pa − q)2; (9)
û = (pb − q)2. (10)
A aret denotes quantities at the parton level. They are dened in terms of the parton
momenta pµa ≡ ξapµA, pµb ≡ ξbpµB, where ξa and ξb are the light-one momentum frations,
whih satisfy the onstraints xA ≤ ξa ≤ 1, xB ≤ ξb ≤ 1, with xA,B ≡ Qe±y/
√
s. Throughout
the disussion, all hadron masses are negleted.
Our disussion will use two oordinate frames. The rst frame is the laboratory frame, or
the enter-of-mass frame of the initial proton beams. The seond frame is a speial rest frame
of the produed vetor boson (Collins-Soper frame [64℄), in whih the axis Oz bisets the
angle between the vetors pA and −pB , where pA are pB are the initial hadrons' momenta
in this frame. The oordinate transformation from the lab frame to the Collins-Soper frame
involves a boost in the diretion of motion of V and a rotation around the Oy axis (see
Appendix A in [50℄ for the expliit oordinate transformation matrix). The omponents of
the momenta pµA and p
µ
B in the Collins-Soper frame are
pµA,B =
√
s
2
(
q∓
Q
,− q∓qT
MTQ
, 0,± q∓
MT
)
, (11)
where MT is the transverse mass of the vetor boson, MT ≡
√
Q2 + q2T . The momenta l
µ
1
and lµ2 of the nal-state leptons in this frame are
lµ1 =
Q
2
(
1, sin θ cosϕ, sin θ sinϕ, cos θ
)
, (12)
lµ2 =
Q
2
(
1,− sin θ cosϕ,− sin θ sinϕ,− cos θ
)
. (13)
Instead of using lµ1 and l
µ
2 diretly, it is onvenient to operate with their linear ombina-
tions,
qµ = lµ1 + l
µ
2 =
(
Q, 0, 0, 0
)
(14)
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and
lµ12 ≡ lµ1 − lµ2 = Q
(
0, sin θ cosϕ, sin θ sinϕ, cos θ
)
. (15)
While qµ desribes the motion of the lepton pair as a whole, lµ12 speies the motion of the
individual leptons in the deay of the vetor boson. To separate the dynamis of vetor
boson prodution from the dynamis of vetor boson deay, we deompose the lepton-level
ross setion in a sum over the funtions Aρ(θ, ϕ) of the angles θ and ϕ in the Collins-Soper
frame:
dσ
dQ2dydq2TdΩ
=
4∑
ρ=−1
ρT (Q2, y, q2T )Aρ(θ, ϕ). (16)
In this equation, dΩ ≡ d cos θ dϕ denotes an element of the solid angle in the Collins-Soper
frame.
ρT (Q2, y, q2T ) is the struture funtion orresponding to the angular funtion Aρ(θ, ϕ).
For an arbitrary hirality of the eletroweak ouplings, VBP at O(αS) reeives ontributions
from six angular funtions Aρ(θ, ϕ):
1
A−1 ≡ 1 + cos2 θ; A0 ≡ 1
2
(1− 3 cos2 θ);
A1 ≡ sin 2θ cosϕ; A2 ≡ 1
2
sin2 θ cos 2ϕ;
A3 ≡ 2 cos θ; A4 ≡ sin θ cosϕ. (17)
The angular funtion A−1(θ, ϕ) is also sometimes denoted as L0(θ, ϕ) (see, for instane,
Ref. [50℄). It will be shown below that the struture funtions
−1T, 0T, 1T, and 2T are
generated by the vetor part of the eletroweak urrent. On the other hand, the struture
funtions
3T and 4T are generated by the axial part of the eletroweak urrent. This feature
leads to the following important onsequene. When the ross setion is integrated over the
omplete solid angle Ω of the lepton deay (as, e.g., in the alulation of a boson-level ross
setion), all angular funtions exept A−1 are integrated out. The resulting ross setion
is sensitive only to the vetor part of the eletroweak urrent, so that, for instane, the W
boson ross setion an be straightforwardly derived from the Drell-Yan pair ross setion.
On the other hand, if one is interested in the angular distributions of the nal-state leptons,
1
At O(α2
S
), there will be additional ontributions to the longitudinally polarized ross setion, whih are
proportional to sin 2θ sinϕ and sin2 2θ sinϕ [65℄. These ontributions lead to non-vanishing single-spin
asymmetries at qT 6= 0 in the lepton distributions in the parity-onserving ase [6567℄. Suh ontributions,
however, do not appear at the order O(αS) disussed here.
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the axial part of the eletroweak urrent annot be ignored. In that ase, additional are
is needed in the alulation of the parity-violating struture funtions
3T and 4T, whih
are aeted by the γ5 matries from both the spin projetion operators and eletroweak
ouplings.
B. Polarized ross setions
We now introdue the speial notations that will allow us to write the ross setions for
arbitrary proton polarizations in a ompat form. Let the polarized protons A and B have
heliities hA and hB, respetively. The allowed values are +1 for the right-handed heliities
and −1 for the left-handed heliities. The ross setion for this ombination of the heliities
is denoted as σhAhB . For brevity, the supersripts of σhAhB will only show the signs of the
heliities; that is, σ+1,+1 ≡ σ++, σ+1,hB ≡ σ+hB , et.
The following ombinations of the heliity ross setions will be alled the ross setions
that are unpolarized (U) or polarized (P) on the side of the proton A:
σ(U,hB) ≡ σ+hB + σ−hB , (18)
σ(P,hB) ≡ σ+hB − σ−hB . (19)
Similarly, the ross setions that are unpolarized (polarized) on the side of the of the proton
B are
σ(hA,U) ≡ σhA+ + σhA−, (20)
and
σ(hA,P ) ≡ σhA+ − σhA−, (21)
respetively.
Next, we introdue the unpolarized, single-spin, and double-spin ross setions σ(U,U),
σ(P,U), and σ(P,P ):
σ(U,U) ≡ 1
4
∑
hA,hB=±1
σhAhB ; (22)
σ(P,U) ≡ 1
4
∑
hA,hB=±1
hA σ
hAhB ; (23)
σ(P,P ) ≡ 1
4
∑
hA,hB=±1
hAhB σ
hAhB . (24)
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The normalization fator 1/4 in (22-24) orresponds to the number of the allowed heliity
ombinations for the initial-state massless hadrons. The single-spin ross-setion σ(P,U)
in Eq. (23) orresponds to the polarized beam A and unpolarized beam B. The fourth
independent linear ombination of the heliity ross-setions, the single-spin ross-setion
σ(U,P ), an be obtained from the single-spin ross-setion σ(P,U) by interhanging the indies
of the proton beams, A↔ B. At O(αS), the single-spin ross setion (23) is non-zero only
if VBP violates parity with respet to the spatial reetion. In other popular (but less
uniform) notations, σ(U,U), σ(P,U), and σ(P,P ) are denoted as σ, ∆Lσ, and ∆LLσ, respetively.
Hene, the onventional single- and double-spin asymmetries are onstruted as
AL =
σ(P,U)
σ(U,U)
, (25)
ALL =
σ(P,P )
σ(U,U)
, (26)
where the denition for the single-spin asymmetry AL does not inlude an additional minus
sign. This hoie leads to the negative values of AL for the left-handed interations of
fermions at the Born level, and it is the same as the denition in Refs. [35, 36℄.
The QCD fatorization expresses the hadron-level ross setions σhAhBAB in terms of the
hard parton-level ross setions σ̂hahbab (µF ) and parton distribution funtions:
σhAhBAB =
∑
a,b=G,
(−)
u ,
(−)
d ,...
∑
ha,hb=±1
∫ 1
0
dξa
∫ 1
0
dξbσ̂
hahb
ab (µF )fha/hA(ξa, µF )fhb/hB(ξb, µF ). (27)
Here fha/hA(ξa, µF ) denotes a heliity-dependent parton distribution funtion (PDF), i.e.,
the probability of nding a parton a with the momentum pµa = ξap
µ
A and heliity ha in a
hadron A with the momentum pµA and heliity hA. The parton-level ross setion σ̂
hahb
ab (µF ) is
separated from the PDFs fha/hA(ξa, µF ) at a fatorization sale µF , whih in our alulation
is assumed to oinide with the QCD renormalization sale.
Sine the strong interations onserve parity, only two linear ombinations of the heliity-
dependent PDFs fha/hA(ξa, µF ) are independent. These ombinations will be alled the
unpolarized and polarized PDFs, respetively:
f
(U)
a/A(ξa, µF ) ≡ f+/+(ξa, µF ) + f−/+(ξa, µF ) = f+/−(ξa, µF ) + f−/−(ξa, µF ), (28)
f
(P )
a/A(ξa, µF ) ≡ f+/+(ξa, µF )− f−/+(ξa, µF ) = −f+/−(ξa, µF ) + f−/−(ξa, µF ). (29)
In ommon notations, f
(U)
a/A(ξa, µF ) ≡ fa/A(ξa, µF ), and f (P )a/A(ξa, µF ) ≡ ∆fa/A(ξa, µF ). When
written in terms of the unpolarized and polarized ross setions, the fatorization formula
10
Table I: The ouplings of the eletroweak vetor bosons V to the fermions. The left ouplings
are fL, gL, and the right ouplings are fR, gR; see Eqs. (31) and (32) for their denition. g is the
eletroweak oupling, αEM (µ) is the running ne struture onstant, and sw ≡ sin θw (cw ≡ cos θw)
is the sine (osine) of the weak mixing angle. Qf is the frational harge of the fermions (Qu = 2/3,
Qd = −1/3, Qν = 0, Qe− = −1). T3 is the eigenvalue of the weak isospin for the fermion
(T u3 = T
ν
3 = 1/2, T
d
3 = T
e−
3 = −1/2).
V fL, gL fR, gR
γ
Qf
2
√
4piαEM (µ)
Qf
2
√
4piαEM (µ)
W± g/(2
√
2) 0
Z0 g(T3 −Qfs2w)/(2cw) −gQfs2w/(2cw)
(27) sums only over the types of the partons and not over their heliities:
σ
(HA,HB)
AB =
∑
a,b=G,
(−)
u ,
(−)
d ,...
∫ 1
0
dξa
∫ 1
0
dξbσ̂
(HA,HB)
ab (µF )f
(HA)
a/A (ξa, µF )f
(HB)
b/B (ξb, µF ), (30)
where HA, HB denote unpolarized or polarized quantities:
HA,B ≡ U, P.
Eq. (30) already illustrates the usefulness of the indies U and P : in one equation, it overs
the fatorized representations for all three ases of the unpolarized, single-spin, and double-
spin ross setions. In the following parts of the paper, many expressions will be presented
in this ompat and uniform notation.
C. Constant overall fators
The results in this paper over prodution of virtual photons, W , and Z bosons. We
use the on-shell sheme and improved Born approximation to parametrize the eletroweak
parameters in the onsidered proesses. Let fL, fR and gL, gR be the hiral ouplings entering
the leptoni vertex ℓ1ℓ¯2V and quark vertex qj q¯k¯V , respetively. Here the quark avor indies
are j = u, d, s, ... and k¯ = u¯, d¯, s¯, ... .The orresponding interation Lagrangians are expressed
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as
Lℓ1ℓ¯2V = iγµ
(
fL(1− γ5) + fR(1 + γ5)
)
, (31)
and
Lqj q¯k¯V = iγµ
(
gL(1− γ5) + gR(1 + γ5)
)
Vjk¯, (32)
respetively. The matrix Vjk¯ denes the avor struture of the qj q¯k¯V vertex and is given by
Vjk¯ = Vk¯j =
 CKM matrix elements for W±,δjk for γ∗, Z0. . (33)
The values of the leptoni hiral ouplings fL, fR and quark hiral ouplings gL, gR to γ
∗,
W±, and Z0 bosons are speied in Table I. They are expressed in terms of the running ne
struture onstant αEM(µ), weak oupling g, and sine of the weak angle sin θW , alulated
as
g2 = 4
√
2M2WGF (34)
and
sin2 θW = 1−M2W/M2Z (35)
from the input values of the Fermi onstant GF , W boson mass MW , and Z
0
boson mass
MZ . The nie feature about this parametrization of the eletroweak ouplings is that the
higher-order eletroweak radiative orretions in VBP are redued.
Various onstant fators in front of the ross setions will be absorbed in the hadroni
normalization onstants σ±ab and leptoni normalization onstants σ
±
ℓ :
σ±ab ≡
2π
Nc
(
g2L ± g2R
) |Vab|2, a, b = G, u, u¯, d, d¯, . . . ; (36)
σ±ℓ ≡
1
32π2
Q2
(Q2 −M2V )2 + Γ2VQ4/M2V
(
f 2L ± f 2R
)
. (37)
In these equations, Nc = 3 is the number of olors,MV and ΓV denote the mass and width of
the vetor boson. The indies a and b denote all possible ative parton avors, inluding the
gluons. When both a and b orrespond to the quarks or antiquarks (a, b = u, u¯, d, d¯, . . .),
the matrix element Vab is given by Eq. (33). If one of the indies in Vab orresponds to the
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     a)                                 b)                                c)                                d)
     e)                                 f)                                g)                                h)
Figure 2: Partoni subproesses ontributing to vetor boson prodution.
gluons, we impliitly assume summation over the quarks or antiquarks on the side of the
gluon:
|VjG|2 =
∑
k¯=u¯,d¯,...
|Vjk¯|2, |VGk¯|2 =
∑
j=u,d,...
|Vjk¯|2, et. (38)
Unless expliitly stated otherwise, the subsripts j and k¯ run over the quark and antiquark
avors, respetively (j = u, d, ...; and k¯ = u¯, d¯, ...). They should be distinguished from the
indies a and b, whih an take the value of any parton avor (a, b = G, u, u¯, d, d¯, ...).
III. REGULARIZATION OF SINGULARITIES: GENERAL PROCEDURE
The omplete set of Feynman diagrams ontributing at order O(αS) is shown in Fig. 2.
The alulation involves anellation of ultraviolet singularities in the sum of all virtual
diagrams (Figs. 2b-2d), anellation of soft singularities in the sum of virtual and real emis-
sion orretions (Figs. 2b-2h), and fatorization of ollinear singularities in real emission
orretions (Figs. 2e-2h). Those singularities should be rst exposed by intermediate regu-
larization, whih an be ahieved by ontinuation to n = 4 − 2ε dimensions. In our ase,
this approah involves the neessity to dene γ5 matries in n 6= 4 dimensions. As is well
known, suh ontinuation annot be mathematially onsistent and preserve symmetries of
the lassial Lagrangian at the same time. For instane, dimensional regularization (DREG)
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[62, 68, 69℄ assumes that the γ5 matrix in n > 4 dimensions is a purely four-dimensional
objet satisfying the following ommutation relations:
{γ5, γµ} = 0, if µ ≤ 4; [γ5, γµ] = 0, if µ > 4.
Sine the onventional MS sheme utilizes dimensional regularization, we will sometimes
refer to this sheme also as the DREG fatorization sheme. The DREG hoie is math-
ematially onsistent [63℄. At the same time, it requires to treat vetor omponents in the
(n − 4)-dimensional subspae dierently from vetor omponents in the four-dimensional
subspae. The proliferation of extra (n−4)-dimensional terms onsiderably ompliates the
algebra and, more importantly, leads to the violation of hiral symmetry [70℄ and supersym-
metry [71, 72℄. In spin-dependent QCD, this implies non-onservation of the quark heliity
in the proess of gluon radiation. Those symmetries have to be restored order by order by
introduing additional ounterterms. At order O(αS), a well-known example of this feature
is provided by an additional renormalization of the one-loop virtual QCD orretions needed
to restore the Ward identity for the axial eletroweak urrent [70℄. Another relevant exam-
ple is given below in the disussion of Eq. (57), where an additional nite renormalization
is performed in DREG in the part assoiated with the quark-gluon splitting in n 6= 4 di-
mensions. In both ases, the additional renormalization restores onservation of heliity in
the proesses with radiation of soft or ollinear partons, whih is otherwise violated by the
evanesent (n− 4)-dimensional terms appearing in the DREG alulation.
On the other hand, alternative approahes sarie ertain features of the full theory, suh
as the yli permutability in Dira traes [73℄ in the antiommuting γ5 sheme [74, 75℄; or
they are mathematially inonsistent at higher orders of the perturbative expansion. In a
popular alternative to DREG, dimensional redution (DRED) [5961℄, the spinor indies are
kept in four dimensions, while partile momenta are delared to have n < 4 omponents.
By rst evaluating the Dira traes in four dimensions and then evaluating loop integrals
in n dimensions, one expliitly preserves the quark heliity in the QCD vertex. Sine the
DRED method treats all spin omponents on the same footing, it is also algebraially simpler
than the DREG approah. Nonetheless, ontraditions in the DRED framework are present
in the diagrams with more than two loops [76, 77℄. These ontraditions, whih reet
inonsisteny in the deomposition of the 4-dimensional momentum spae into 4-dimensional
subspae (assoiated with the spin indies) and (4 − n)-dimensional subspae (assoiated
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with the momentum indies), do not our at lower orders of the perturbative expansion.
Hene, it is justied to use the DRED method at the one-loop order of PQCD.
Due to the large number of γ5 matries to be handled, and to avoid entirely the issue
of additional symmetry-enforing renormalizations in the DREG sheme, we have hosen
to perform the urrent one-loop alulation in the DRED framework. In partiular, soft or
ollinear radiative orretions in DRED automatially preserve the hirality struture of the
eletroweak vertex, so that suh orretions do not aet the angular distributions of the
leptons observed at the Born level (f. further disussion in setion IV). One the DRED
results are available, they an be transformed to the MS (DREG) fatorization sheme
to make them ompatible with the existing phenomenologial PDF parametrizations. The
detailed desription of this transformation an be found in Refs. [22, 35, 60, 61, 78℄, and
we refer the reader to those papers for more information. In the following, we will outline
only those aspets of this method that are relevant to the derivation of the resummed ross
setions.
We start by alulating the parton-level ross setions
dσ
(Ha′ ,Hb′)
a′b′
dQ2dydq2TdΩ
=
1
4ŝ
1
(4π)4
δ
[
ŝ+ t̂ + û−Q2]HµνLµν . (39)
In this equation, the (purely four-dimensional) leptoni tensor Lµν is given by
Lµν ≡ 4
{[
f 2L + f
2
R
] (−q2gµν + qµqν − lµ12lν12)+ i [f 2L − f 2R] ǫµναβqα(l12)β}, (40)
and the hadroni tensorHµν inludes squared matrix elements orresponding to the Feynman
diagrams in Fig. 2. We rst evaluate the Dira traes with the help of the pakage TRACER
[79℄ and keeping all partile spins in four dimensions. The projetions on the unpolarized
(U) and polarized (P ) initial parton states are realized by inserting an appropriate spin
projetion operator
P(U)q =
1
2
I, or P(P )q =
1
2
γ5 (41)
on eah inoming quark leg, and
Pαβ(U)G =
1
2
{
−gαβ + 2p
α
a′p
β
b′ + p
β
a′p
α
b′
ŝ
}
, or Pαβ(P )G =
i
ŝ
ǫαβγδpa′γpb′δ (42)
on eah inoming gluon leg.
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We then ontrat the resulting four-dimensional tensors with n-dimensional partile mo-
menta, negleting the mismath between the four- and n-dimensional indies. We nd that
the individual virtual diagrams (Figs. 2b-2d) ontain ultraviolet singularities, whih, how-
ever, anel in the sum of all virtual diagrams. Furthermore, the real emission ontributions
ontain the singularities when the unobserved nal-state parton is soft or ollinear to one
of the inoming hadrons. In the soft and ollinear limits the transverse momentum qT ap-
proahes zero. The soft singularities (appearing as the poles proportional to 1/ε2 and 1/ε)
anel in the sum of all O(αS) diagrams. The remaining task is to fatorize the ollinear
singularities aording to the fatorization sheme that was used to dene the hadron-level
PDFs.
It an be shown that the hoie of the γ5 presription aets only funtions C(H)a/b (ξ, b, µ)
(where H = U or P ) in the resummed ross setion (see the detailed disussion of these
funtions in the next setion). The C-funtions ontain (n − 4)-dimensional parts of the
n-dimensional splitting funtions, whih are dierent in the DRED and DREG shemes.
An O(αS) n-dimensional splitting funtion P (H),na/b (ξ) an be alulated in the same way as
the onventional four-dimensional splitting funtion P
(H)
a/b (ξ), exept that it also retains the
terms of order O(ε). Hene, it ontains an additional nite part εP (H),εa/b (ξ), whih vanishes
as n→ 4:
P
(H),n
a/b (ξ) = P
(H)
a/b (ξ) + εP
(H),ε
a/b (ξ); (43)
lim
n→4
P
(H),n
a/b (ξ) = P
(H)
a/b (ξ). (44)
The four-dimensional splitting funtions P
(H)
a/b (ξ) needed for our alulations are
P
(U)
q/q (ξ) = = CF
(
1 + ξ2
1− ξ
)
+
, (45)
P
(U)
q/G(ξ) =
1
2
(
ξ2 + (1− ξ)2) (46)
in the unpolarized ase [8082℄, and
P
(P )
q/q (ξ) = CF
(
1 + ξ2
1− ξ
)
+
= P
(U)
q/q (ξ), (47)
P
(P )
q/G(ξ) = 2ξ − 1 (48)
in the spin-dependent ase [82, 83℄. In the unfatorized parton-level ross setion (39), the
funtions P
(H),n
a/b (ξ), whih are impliitly ontained in the hadroni tensor Hµν , are multiplied
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by the ollinear poles 1/ε, i.e., they appear in the terms
−αS
2π
1
ε
P
(H),n
a/b (ξ) = −
αS
2π
1
ε
P
(H)
a/b (ξ)−
αS
2π
P
(H),ε
a/b (ξ). (49)
The rst piee on the right-hand side of Eq. (49) is an O(αS) ontribution to the parton-level
distribution funtion f
(H)
a/b (ξ, ε). Hene, in aordane with the fatorization theorem (30) for
the ase when A = a′, and B = b′, it is fatorized out of the parton-level ross setion σa′b′
to obtain the hard setion σ̂a′′b′′. On the other hand, the seond piee in Eq. (49) remains
in the hard part. As a result, the terms P
(H),ε
a/b (ξ) are inluded in the O(αS/π) oeients
C(H)[1]a/b (ξ, bµ) of the C-funtions, as
C(H)[1]i/j (ξ, bµ) = δij
{
−1
2
P
(H),ε
q/q (ξ)− P (H)q/q (ξ) ln
(µb
b0
)
− CF δ(1− ξ)
[19
16
− π
2
4
+ ln2
(e−3/4C1
b0C2
)]}
, (50)
and
C(H)[1]i/G (ξ, bµ) = −
1
2
P
(H),ε
q/G (ξ)− P (H)q/G(ξ) ln
(µb
b0
)
; i, j = u, u¯, d, d¯, . . . . (51)
The meaning of the onstants C1, C2, and b0 is disussed in the next setion.
Sine in the DRED sheme the partile spins are exatly four-dimensional, the (n − 4)-
dimensional parts P
(H),ε
a/b (ξ) of the DRED splitting funtions identially vanish:
DRED: P
(H),ε
a/b (ξ) = 0. (52)
Therefore, in the DRED sheme the C-funtions (50) and (51) redue to
DRED: C(H)[1]i/j (ξ, bµ) = δij
{
−P (H)q/q (ξ) ln
(µb
b0
)
− CF δ(1− ξ)
[19
16
− π
2
4
+ ln2
(e−3/4C1
b0C2
)]}
, (53)
C(H)[1]i/G (ξ, bµ) = −P (H)q/G (ξ) ln
(µb
b0
)
; i, j = u, u¯, d, d¯, . . . . (54)
In the DREG sheme, the (n−4)-dimensional parts of the unpolarized [84℄ and polarized
[85℄ splitting funtions are given by
DREG: P
(U),ε
q/q (ξ) = CF
[
−(1− ξ) + 1
2
δ(1− ξ)
]
, (55)
P
(U),ε
q/G (ξ) = ξ
2 − ξ, (56)
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P
(P ),ε
q/q (ξ) = CF
[
3(1− ξ) + 1
2
δ(1− ξ) + zε(ξ)
]
= CF
[
−(1− ξ) + 1
2
δ(1− ξ)
]
= P
(U),ε
q/q (ξ), (57)
P
(P ),ε
q/G (ξ) = ξ − 1. (58)
In the quark-initiated polarized splitting funtion P
(P ),ε
q/q (ξ) (see Eq. (57)), an additional
nite renormalization term zε(ξ) = −4CF (1− ξ) was inluded to restore the quark heliity
onservation in the quark-gluon vertex, in aordane with the existing denition in the
DREG sheme [8688℄. With the help of Eqs. (50) and (51), the C-funtions in the DREG
sheme are found to be
DREG: C(U)[1]i/j (ξ, bµ) = C(P )[1]i/j (ξ, bµ) =
= δij
{
CF
2
(1− ξ)− P (U)q/q (ξ) ln
(µb
b0
)
− CF δ(1− ξ)
[23
16
− π
2
4
+ ln2
(e−3/4C1
b0C2
)]}
, (59)
C(U)[1]i/G (ξ, bµ) =
1
2
ξ(1− ξ)− P (U)q/G(ξ) ln
(µb
b0
)
, (60)
and
C(P )[1]i/G (ξ, bµ) =
1
2
(1− ξ)− P (P )q/G(ξ) ln
(µb
b0
)
. (61)
To summarize this part, the dierene between the DRED and DREG fatorization
shemes is ontained entirely in the funtions C(H)a/b (ξ, b, µ) of the resummed ross setion. The
form of the sheme-dependent terms in the C-funtions is determined by the n-dimensional
splitting funtions in eah fatorization sheme. Hene, to transform the results from the
DRED sheme to the DREG sheme, one simply nds where the DRED (n−4)-dimensional
funtions P
(H),ε
a/b (ξ) would appear in the C-funtions if they were not identially zero. One
then inserts at those plaes the DREG funtions P
(H),ε
a/b (ξ) given in Eqs. (55)-(58).
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IV. CROSS SECTIONS
A. Finite-order results
Let us now expliitly present the VBP ross setions, starting from the lowest order (LO)
hadron-level ross setion (Fig. 2a):
dσ
(HA,HB)
AB
dQ2dyd2qTdΩ
∣∣∣∣∣
LO
=
1
s
δ2 (qT )
∑
j=u,d,...
∑
k¯=u¯,d¯,...
[
G
(HA,HB)
jk¯
(θ, ϕ)f
(HA)
j/A (xA, µF )f
(HB)
k¯/B
(xB, µF )
+ (j ↔ k¯)
]
. (62)
As disussed in Setion II, HA and HB an take one of the two values (U or P ) orresponding
to the ross setion that is unpolarized (or polarized) on the side of the respetive initial-state
hadron. The index j runs over the ative quark avors, while k¯ runs over the ative antiquark
avors. The funtions G
(HA,HB)
jk¯
(θ, ϕ) in Eq. (62) are omposed of the normalization fators
σ±l , σ
±
jk¯
from Eqs. (36), (37) and angular funtions A−1(θ, ϕ) and A3(θ, ϕ) from Eq. (17):
G
(U,U)
jk¯
(θ, ϕ) = σ+ℓ σ
+
jk¯
A−1(θ, ϕ) + ǫjk¯σ
−
ℓ σ
−
jk¯
A3(θ, ϕ),
G
(P,U)
jk¯
(θ, ϕ) = −ǫjk¯σ+ℓ σ−jk¯A−1(θ, ϕ)− σ−ℓ σ+jk¯A3(θ, ϕ),
G
(P,P )
jk¯
(θ, ϕ) = −G(U,U)
jk¯
(θ, ϕ). (63)
The avor-spae tensor ǫjk¯ determines the hange of the sign under the interhange of quarks
and antiquarks:
ǫjk¯ = 1, ǫk¯j = −1. (64)
Note that the parity-violating angular funtion A3 = cos θ does not ontribute if V ouples
to the fermions through the vetor urrent, i.e., if σ−ℓ = σ
−
jk¯
= 0. From the last equation (63),
we see that the double-spin parton-level ross setion is equal to the unpolarized ross setion
with the minus sign. This equality is a diret onsequene of the hirality onservation in
the eletroweak ouplings (31) and (32).
Next, onsider the O(αS) virtual orretions shown in Figs. 2b-2d. In n = 4− 2ε dimen-
sions, the ontribution of the virtual orretions is given by the LO ross setion saled by
a funtion Φ(αS, ε):
dσ
(HA,HB)
AB
dQ2dy dn−2qTdΩ
∣∣∣∣∣
O(αS), virtual
= Φ(αS, ε)
dσ
(HA,HB)
AB
dQ2dy dn−2qTdΩ
∣∣∣∣∣
LO
, (65)
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where
Φ(αS, ε) ≡ CF αS
2π
(
4πµ2F
Q2
)ε
1
Γ(1− ε)
(
− 2
ε2
− 3
ε
+ π2 − 8 + δv
)
. (66)
The nite part of Φ(αS, ε) depends on the presription for the γ5 matries in n 6= 4 dimen-
sions. In the DRED sheme δv = 1, while in the DREG sheme δv = 0.
The remaining ontributions are from theO(αS) real emission proesses shown in Figs. 2e-
2h. The real emission ross setion an be expressed in terms of the PDFs f
(HA)
a/A (ξa, µF ),
angular funtions Aρ(θ, ϕ), and parton-level struture funtions
ρTab(HA, HB, ŝ, t̂, û):
dσ
(HA,HB)
AB
dQ2dy dq2TdΩ
∣∣∣∣∣
O(αS), real
=
αS
2π2s
∑
a,b=G,u,u¯,d,d¯,...
∫ 1
0
dξa
ξa
∫ 1
0
dξb
ξb
CSU(3)
ŝ
δ(ŝ+ t̂ + û−Q2)
× f (HA)a/A (ξa, µF )f (HB)b/B (ξb, µF )
4∑
ρ=−1
G(HA,HB)ρ,ab ρTab(HA, HB, ŝ, t̂, û)Aρ(θ, ϕ). (67)
In Eq. (67), G(HA,HB)ρ,ab are the spin-dependent ombinations of the onstant fators σ±ℓ and
σ±ab dened in Eqs. (36) and (37):
G(U,U)ρ,ab = G(P,P )ρ,ab ≡
 σ+ℓ σ+ab for ρ = −1, 0 , 1 , 2;σ−ℓ σ−ab for ρ = 3, 4;
G(P,U)ρ,ab ≡
 σ+ℓ σ−ab for ρ = −1, 0 , 1 , 2;σ−ℓ σ+ab for ρ = 3, 4. (68)
CSU(3) is a olor group fator, whih is equal to CF = (N
2
c − 1)/(2Nc) = 4/3 in the annihi-
lation subproess qq¯ → GV and TR = 1/2 in Compton sattering subproess
(−)
q G→(−)q V .
The struture funtions
ρTab(HA, HB, ŝ, t̂, û) in the unpolarized ase (HA = HB = U) an
be found in Ref [50℄. Our new result is the alulation of these funtions in the polarized
ase (HA = P and/or HB = P ). The expliit expressions for these funtions are given in
the appendix.
For any polarization of the proton beams, the struture funtions
−1Tab(HA, HB, ŝ, t̂, û)
and
3Tab(HA, HB, ŝ, t̂, û) have a singularity at qT = 0, whih orresponds to the emission of
soft or ollinear real partons. The leading-logarithmi part of the O(αS) nite-order ross
setion (asymptoti piee) at small, but non-zero qT (0 < qT ≪ Q) is
dσ
(HA,HB)
AB
dQ2dy dq2TdΩ
∣∣∣∣∣
O(αS),qT→0
≈ 1
s
αS
π
1
2πq2T
∑
j=u,d,...
∑
k¯=u¯,d¯,...
{
G
(HA,HB)
jk¯
(θ, ϕ)
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×
[
[P
(HA)
j/a ⊗ f (HA)a/A ](xA, µF )f (HB)k¯/B (xB, µF )
+ f
(HA)
j/A (xA, µF )[P
(HB)
k¯/b
⊗ f (HB)b/B ](xB, µF )
−
(
CF ln
q2T
Q2
+
3
2
CF
)
f
(HA)
j/A (xA, µF )f
(HB)
k¯/B
(xB, µF )
]
+ (j ↔ k¯)
}
. (69)
Here the funtions G
(HA,HB)
jk¯
(θ, ϕ) are the same as in Eq. (63), and P
(HA)
a/b (ξ) are the one-loop
splitting funtions in Eqs. (45)-(48). The onvolution of two funtions fa/b(x) and gb/c(x) is
dened by
[fa/b ⊗ gb/c](x) ≡
∑
b=G,u,u¯,d,d¯,...
∫ 1
x
dξ
ξ
fa/b(
x
ξ
)gb/c (ξ) . (70)
This denition inludes summation over the repeating parton index b.
In aordane with the Kinoshita-Lee-Nauenberg theorem, the soft singularity, whih
appears in the ross setion (69) at qT = 0, is aneled when this ross setion is added to
the O(αS) virtual ontribution (65). Furthermore, the ollinear singularities are absorbed
in the parton distributions. The omplete small-qT ross setion (inluding both real and
virtual orretions) is given by dσ(HA,HB)AB
dQ2dy dq2TdΩ
∣∣∣∣∣
O(αS),qT→0

real+virt.
=
 dσ(HA,HB)AB
dQ2dy dq2TdΩ
∣∣∣∣∣
O(αS),qT→0

+,qT
+
1
s
δ2 (qT )
{
G
(HA,HB)
jk¯
(θ, ϕ)
[
f
(HA)
j/A (xA, µF )f
(HB)
k¯/B
(xB, µF )
+
αS
π
([
c
(HA)[1]
j/a ⊗ f (HA)a/A − ln
(µF
Q
)
P
(HA)
j/a ⊗ f (HA)a/A
]
(xA, µF )f
(HB)
k¯/B
(xB, µF )
+f
(HA)
j/A (xA, µF )
[
c
(HB)[1]
k¯/b
⊗ f (HB)b/B − ln
(µF
Q
)
P
(HB)
k¯/b
⊗ f (HB)b/B
]
(xB, µF )
)]
+(j ↔ k¯)
}
. (71)
Here the + presription with respet to qT (pointed in the diretion of the azimuthal angle
φ) is dened as∫
[f(qT )]+,qTg(qT )d
2qT ≡
∫ 2π
0
dφ
∫ +∞
0
[f(qT )− f(0)] g(qT )qTdqT . (72)
It ats on the asymptoti piee (69).
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The funtions c
(HA),[1]
a/b are the nite residuals from the anellation of soft singularities
and fatorization of ollinear singularities. In the DREG sheme they are
DREG: c
(U)[1]
i/j (ξ) = c
(P )[1]
i/j (ξ) = δijCF
[
1
2
(1− ξ)−
(
2− π
2
4
)
δ(1− ξ)
]
; (73)
c
(U)[1]
i/G (ξ) =
1
2
ξ(1− ξ); (74)
c
(P )[1]
i/G (ξ) =
1
2
(1− ξ); i, j = u, u¯, d, d¯, . . . (75)
In the DRED sheme, these funtions are
DRED: c
(U)[1]
i/j (ξ) = c
(P )[1]
i/j (ξ) = −δijCF
[
7
4
− π
2
4
]
δ(1− ξ); (76)
c
(U)[1]
i/G (ξ) = c
(P )[1]
i/G (ξ) = 0. (77)
It an be seen from Eqs. (69) and (71) that the dependene on the the lepton deay angles
θ and φ in the small-qT limit is ontained entirely in the overall fator G
(HA,HB)
jk¯
(θ, φ), whih
is exatly the same as in the leading-order ross setion (62). Suh fatorization of the
dependene on θ and φ from the hadroni dynamis reets preservation of the hirality
struture of the eletroweak vertex as qT → 0, i.e., the Born-level angular distributions of
the leptons are not aeted by the soft or ollinear parton radiation. This feature, in its
turn, automatially follows from the use of the DRED sheme in our alulation.
B. Resummation of large logarithms
The O(αS) ross setion (71) is given in terms of generalized funtions and an be used
to predit the integrated rate. For instane, the integrated rate over the region 0 ≤ q2T ≤ P 2T
(where PT is small enough for the approximation (69) to be valid) is∫ P 2
T
0
dq2T
dσ
(HA,HB)
AB
dQ2dy dq2TdΩ
=
1
s
∑
j,k¯
{
G
(HA,HB)
jk¯
(θ, ϕ)
×
[(
1− αS
π
(
1
2
CF ln
2 Q
2
P 2T
− 3
2
CF ln
Q2
P 2T
))
f
(HA)
j/A (xA, µF )f
(HB)
k¯/B
(xB, µF )
−αS
2π
ln
(
µ2F
P 2T
)([
P
(HA)
j/a ⊗ f (HA)a/A
]
(xA, µF )f
(HB)
k¯/B
(xB, µF )
+f
(HA)
j/A (xA, µF )
[
P
(HB)
k¯/b
⊗ f (HB)b/B
]
(xB, µF )
)
+
αS
π
([
c
(HA)[1]
ja ⊗ f (HA)a/A
]
(xA, µF )f
(HB)
k¯/B
(xB, µF ) +
22
+f
(HA)
j/A (xA, µF )
[
c
(HB)[1]
k¯b
⊗ f (HB)b/B
]
(xB, µF )
)]
+ (j ↔ k¯)
}
. (78)
However, Eq. (71) annot be used yet on its own to desribe the distribution over qT . To
obtain a meaningful distribution in the small-qT region, we proeed further and identify
Eq. (71) as an O(αS) part in the perturbative expansion of the small-qT resummed ross
setion [47℄, given by
dσ
(HA,HB)
AB
dQ2dydq2TdΩ
=
1
s
∫
d2b
(2π)2
eiqT ·b W˜
(HA,HB)
AB (Q, b, y,Ω) + Y
(HA,HB)
AB (Q, qT , y,Ω). (79)
In Eq. (79), the rst term on the right-hand side dominates when qT → 0. It is expressed
as a Fourier-Bessel transform of a form fator W˜
(HA,HB)
AB (Q, b, y,Ω) in the spae of the impat
parameter b (onjugate to qT ):
W˜
(HA,HB)
AB (Q, b, y,Ω) =
∑
j=u,d,...
∑
k¯=u¯,d¯,...
[
G
(HA,HB)
jk¯
(θ, ϕ) exp
(−S(HA ,HB)(Q, b, y, C1, C2))
×
[
C(HA)j/a ⊗ f (HA)a/A
]
(xA, b∗,
C1
C2
, µ =
C3
b∗
)
[
C(HB)
k¯/b
⊗ f (HB)b/B
]
(xB, b∗,
C1
C2
, µ =
C3
b∗
)
+(j ↔ k¯)
]
. (80)
Here C1 and C2 are onstants of order unity that determine the momentum sales sepa-
rating the exponential soft fator e−S from the onvolutions
[
C(H)a/b ⊗ f (H)b/A
]
(x, b, C1/C2, µ).
The onstant C3 speies the fatorization sale µ, whih separates the funtion
C(H)a/b (x, b, C1/C2, µ = C3/b) from the PDF f (H)a/A(x, µ = C3/b) in the onvolution
[
C(H)a/b ⊗
f
(H)
b/A
]
(x, b, C1/C2, µ = C3/b). For deniteness, the form fator W˜
(HA,HB)
AB (Q, b, y,Ω) in
Eq. (80) is written in its ommon (and, perhaps, the simplest) form proposed in Ref. [47℄.
Namely, the perturbative parts of W˜
(HA,HB)
AB (Q, b, y,Ω) are evaluated at a variable
b∗ =
b√
1 + b2/b2max
, (81)
where the parameter bmax is of order 1 GeV
−1
. The variable b∗ is introdued
to separate short- and long-distane dynamis in W˜
(HA,HB)
AB (Q, b, y,Ω). Furthermore,
W˜
(HA,HB)
AB (Q, b, y,Ω) is normalized to the Born-level hard ontribution (inluded in the nor-
malization fator G
(HA,HB)
jk¯
(θ, ϕ)), while higher-order orretions to the hard part are ab-
sorbed in the funtions [C⊗f ] and e−S . Reently disussed alternatives to this representation
an be found in Refs. [55, 56, 89, 90℄.
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In this representation, the soft (Sudakov) fator S(HA ,HB)(b, Q, y) onsists of the pertur-
bative part SP (Q, b, C1, C2) and the nonperturbative part S(HA ,HB)NP (Q, b, y):
S(HA,HB)(Q, b, y) = SP (Q, b∗, C1, C2) + S(HA ,HB)NP (Q, b, y), (82)
where
SP (Q, b, C1, C2) =
∫ C22Q2
C21/b
2
dµ2
µ2
(
A
(
αs(µ), C1
)
ln
C22Q
2
µ2
+ B
(
αs(µ), C1, C2
))
. (83)
The funtions A and B in SP an be alulated in perturbation theory, as
A
(
αS(µ¯), C1
)
=
∞∑
m=1
(
αs(µ)
π
)m
A[m](C1), (84)
B
(
αs(µ), C1, C2
)
=
∞∑
m=1
(
αs(µ)
π
)m
B[m](C1, C2). (85)
The oeients in these expansions are known up to order O(α2S). Expliitly, they are
A[1] = CF , (86)
A[2] = CF
[(
67
36
− π
2
12
)
Nc − 5
18
NF − β0 ln
(
b0
C1
)]
, (87)
B[1] = 2CF ln
(
e−3/4C1
b0C2
)
, (88)
B[2] = CF
{
CF
(
π2
4
− 3
16
− 3ζ(3)
)
+Nc
(
11
36
π2 − 193
48
+
3
2
ζ(3)
)
+ NF
(
− 1
18
π2 +
17
24
)
−
[
Nc
(
67
18
− π
2
6
)
− 5
9
NF
]
ln
(
C2b0
C1
)
+ β0
[
ln2
(
b0
C1
)
− ln2C2 − 3
2
lnC2
]}
. (89)
In these equations, NF is the number of ative quark avors, β0 = (11Nc − 2NF ) /6, ζ(3) ≈
1.202 is the Riemann zeta funtion, and b0 = 2e
−γE
is a funtion of the Euler onstant γE ≈
0.577. In the present work, we have re-derived the oeients A[1], B[1], and they agree with
the earlier published results [19, 30℄. The oeient A[2] for the spin-dependent ollisions was
disussed earlier in [19℄; sine it omes from the leading-logarithmi ontributions generated
by the soft gluons, it is expeted to be independent of spin.
2
2
The spin independene of soft ontributions is evident from the Feynman rules for the soft eikonal ap-
proximation; see, for instane, Ref. [45℄.
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We have also determined the oeient B[2] in Eq. (89) by employing the method of
Refs. [8991℄ and order-by-order independene of the full form fator W˜
(HA,HB)
AB from the
hoie of the sales C1/b and C2Q. By utilizing the independene on C1 and C2, we nd
B[2] = B[2]c + β0
(
A[1]c ln2
(
b0
C1
)
+ B[1]c lnC2 −A[1]c ln2C2
)
−A[2]c ln
(
b20C
2
2
C21
)
, (90)
where the subsript ”c” denotes the oeients in Eqs. (86)-(89) evaluated for the anonial
variables C1 = b0 and C2 = 1:
A[1]c = CF , B[1]c = −
3
2
CF , (91)
A[2]c = CFNc
(
67
36
− π
2
12
)
Nc − 5
18
CFNF , (92)
and
B[2]c = C2F
(
π2
4
− 3
16
− 3ζ(3)
)
+NcCF
(
11
36
π2 − 193
48
+
3
2
ζ(3)
)
+CFNF
(
− 1
18
π2 +
17
24
)
.(93)
To derive the last expression, we use the generalization of the relationship from [89, 90℄, i.e.,
B[2]c = −
γ
[2]
A + γ
[2]
B
4
+ β0
(Vqq
4
+
CFπ
2
12
)
. (94)
This equation relates the anonial value of the oeient B[2] to the nite ontribution
Vqq/4 ≡ CF (π2 − 8)/4 from the O(αS) virtual orretion Φ(αS, ε) and oeients γ[2]A , γ[2]B
of the δ(1 − x) terms in the two-loop qq splitting funtions on the sides of the hadrons A
and B, respetively. Due to the heliity onservation in the quark-gluon vertex for massless
quarks, the δ(1− x) terms are the same in the unpolarized and polarized ase, so that
γ
[2]
A = γ
[2]
B = C
2
F
(
3
8
− π
2
2
6ζ(3)
)
+ CFNc
(
17
24
+
11
18
π2 − 3ζ(3)
)
− 1
2
CFNF
(
1
6
+
2π2
9
)
. (95)
Hene, similarly to A[2], the oeient B[2] in Eq. (83) is also independent of the spin of the
inoming quarks.
Alternatively, the spin independene of the oeient B[2] an be shown in the antiom-
muting γ5 or the DRED shemes by analyzing the spin struture of the O(α2S) ut diagrams
with the radiation of one or two gluons. The oeient B[2] is generated by the diagrams
that redue to the Born level diagram in the limit when the unobserved radiated partons
are soft. All suh ut diagrams have only one losed fermion line and an be redued to
the orresponding unpolarized diagram (up to an overall sign) by ommutation of the γ5
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matries from the fermion spin projetors along the fermion line. Therefore, they lead to
the same expression for B[2] as in the unpolarized ase.3 To summarize, our study onrms
the spin independene of all Sudakov oeients in Eqs. (86)-(89), whih agree with their
values known from the unpolarized alulations [47, 48, 92, 93℄.
Similarly to the perturbative Sudakov fator, the funtions C(H)a/b (ξ, b, µ) an be alulated
order by order in PQCD:
C(H)a/b (ξ, b, µ) =
∞∑
m=0
C(H)[m]a/b (ξ, bµ)
(
αs(µ)
π
)m
, H = U, P. (96)
The oeients C(H)[m] are known up to order O(αS). The lowest-order oeients are
trivial:
C(U)[0]i/j (ξ, bµ) = C(P )[0]i/j (ξ, bµ) = δijδ(1− ξ); (97)
C(H)[0]i/G = C(H)[0]G/i = C(H)[1]G/G = 0; i, j = u, u¯, d, d¯, . . . . (98)
All non-zero O(αS) oeients in the DRED and DREG shemes are given by Eqs. (53),(54),
and (59)-(61). As disussed in Setion III, the oeients C(H)[1]j/a (ξ, bµ) depend on the
presription for ontinuation of the γ5 matrix to n 6= 4 dimensions, and this dependene
is entirely determined by the form of the n-dimensional splitting funtions P
(H),ε
a/b (ξ) in the
DRED and DREG shemes given in Eqs. (52) and (55)-(58). The above equations expliitly
demonstrate the fatorization of the ollinear ontributions assoiated with the hadron A
from the ollinear ontributions assoiated with the hadron B. That is, the C-funtion
assoiated with the hadron A depends only on the polarization of A and does not depend
on the polarization of the hadron B; and vie versa. Suh fatorization ompletely agrees
with the general struture of the resummed ross setion, in whih the part assoiated with
the ollinear radiation along the beam A is independent from the ollinear radiation along
the beam B.
Our results for the funtions C(U)i/G(ξ, b, µ) and C(P )i/G(ξ, b, µ) dier from the orresponding
expressions in the earlier publiations [19℄ and [30℄. Firstly, in aordane with the fator-
ization of ollinear ontributions, our expression for the unpolarized funtion C(U)i/G(ξ, b, µ)
3
We thank W. Vogelsang for pointing out the alternative proof of the spin independene of the oe-
ient B[2].
26
is the same in the unpolarized and single-spin proesses. On the other hand, Ref. [30℄ has
found C(U)[1]i/G (ξ, b, µ) in single-spin W boson prodution to be
C(U)[1]i/G (ξ, b, µ)
∣∣∣
Ref. [30℄
=
1
4
− P (U)q/G(ξ) ln
(µb
b0
)
, (99)
so that the above fatorization does not hold.
4
This dierene may be aused by the hoie
of the normalization of the q(P )G(U) ross setion in Ref. [30℄. Namely, the same result as
in Eq. (99) would be obtained if the q(P )G(U) ross setion in n = 4 − 2ε dimensions were
averaged over two polarizations of the initial gluon and not over 2(1 − ε) polarizations, as
it is required for an unpolarized initial-state gluon in the MS sheme.
Seondly, Refs. [19, 30℄ have used a dierent fatorization sheme for the polarized
gluon-initiated funtions C(P )i/G(ξ, b, µ). In that sheme, C(P )[1]i/G (ξ, bµ) is identially zero for
the anonial sale µ = b0/b:
C(P )[1]i/G (ξ, bµ)
∣∣∣
Refs. [19, 30℄
= −P (P )q/G(ξ) ln
(µb
b0
)
, (100)
so that C(P )[1]i/G (ξ, bµ) = 0 if µ = b0/b. To obtain suh C−funtion, the O(αS) quark distribu-
tion in the gluon has to be
f
(P )
q/G(ξ, µ)
∣∣∣
Refs. [19, 30℄
=
αS
2π
(
−1
ε
P
(P )
q/G(ξ) + 1− ξ
)
+O (α2S) , (101)
whih is dierent from f
(P )
q/G(ξ, µ) = −(αS/2πε)P (P )q/G(ξ) + O(α2S) in the MS sheme. While
this denition is not ontraditory, it is not the same as the onvention of the MS sheme
[8688℄. Consequently, the funtions C(U)[1]i/G (ξ, bµ) and C(P )[1]i/G (ξ, bµ) found in Refs. [19, 30℄
annot be ombined with the MS parton distributions. Instead, a alulation in the MS
sheme must use the funtions C(H)[1]a/b (ξ, bµ) presented in Eqs. (59)-(61).
The remaining part of the form-fator W˜
(HA,HB)
AB (Q, b, y,Ω) to be disussed is the nonper-
turbative Sudakov funtion SNP (b, Q) (see Eq. (82)), whih determines the behavior of this
form fator at b & 1 GeV−1. While at the present stage it is not possible to alulate this
nonperturbative funtion from the rst priniples, its phenomenologial parametrization an
be found from the global analysis of VBP data. At the time of writing of this paper, the
latest parametrization of SNP (b, Q) in the b∗ approah in the unpolarized ase is available in
4
Note that Refs. [19, 30℄ expand in the series of (αS/2pi), so that the O(αS) oeients in those papers
are two times larger than the O(αS/pi) oeients presented here.
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Ref. [58℄. Finally, we omment on the nite term, Y (Q, qT , y,Ω), in Eq. (79). It is given by
the dierene between the O(αS) nite-order ross setion and its singular part (asymptoti
piee) that is already inluded in the W˜ term:
Y
(HA,HB)
AB (Q, qT , y,Ω) ≡
dσ
(HA,HB)
AB
dQ2dydq2TdΩ
∣∣∣∣∣
O(αS)
− dσ
(HA,HB)
AB
dQ2dy dq2TdΩ
∣∣∣∣∣
O(αS),qT→0
. (102)
The O(αS) perturbative ross setion for non-zero qT is given in Eq. (67), while the asymp-
toti piee is given in Eq. (69). This term is regular and, in fat, vanishes as qT → 0, so
that the distribution (79) in the small-qT region is approximated well by the W˜ term. At
qT & Q, the ross setion (79) redues to the nite-order ross setion (67), up to higher-
order orretions.
V. SUMMARY
In this paper, we presented fully dierential distributions for prodution and deay of
eletroweak bosons (γ∗, W±, Z0) in the ollisions of proton beams of arbitrary longitudinal
polarizations. One of our new results is the omplete set of spin-dependent struture fun-
tions of order O(αS) for the angular distributions of leptons from the vetor boson deay.
This nite-order ross setion is ombined with the all-order sum of leading logarithms in
the small transverse momentum region using the Collins-Soper-Sterman (impat parameter)
resummation method [47℄. The perturbative oeients are presented at the one-loop level,
with the perturbative Sudakov fator presented at the two-loop level. For the rst time, we
have expliitly demonstrated the universality of QCD fatorization in the perturbative part
of the spin-dependent resummed ross setion. Namely, the soft fator is independent of
spin, while the form of the b-dependent PDFs [Ca/b ⊗ fb/A](x, b, µ) is entirely determined
by the type and polarization of the orresponding initial-state hadron, and it is independent
from the type and polarization of the other initial-state hadron. We have also demonstrated
the spin independene of the O(α2S) oeient B(2) based on the method of Refs. [89, 90℄,
and, alternatively, on the analysis of the spin struture of O(α2S) Feynman diagrams. The
spin-dependent ross setions were presented in the dimensional regularization [62, 63℄ and
dimensional redution [59℄ shemes.
The eets of soft parton radiation and vetor boson deay onsidered here must be
understood well in order to orretly desribe prodution of Drell-Yan pairs and massive
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eletroweak bosons at the Relativisti Heavy Ion Collider. In the aompanying paper [41℄,
we use these results to study measurements of sea quark parton distributions in weak boson
prodution with longitudinally polarized proton beams.
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APPENDIX: THE STRUCTURE FUNCTIONS FOR THE FINITE-ORDER
CROSS SECTION
This appendix ollets expliit expressions for the struture funtions
ρTab(HA, HB, ŝ, t̂, û)
that enter the O(αS) real emission ross setion in Eq. (67). Eqs. (104-110) show the
independent struture funtions
ρTqq¯,
ρTGq, , and, in the ase of the single-spin ross setion,
ρTqG. The end of the appendix inludes the rules to derive the rest of nonzero struture
funtions. As a onvenient notation, the mathematial expressions will ontain the funtions
T±(a, b), dened as
T±(a, b) ≡
((
Q2 − a)2 ± (Q2 − b)2). (103)
The independent struture funtions in the unpolarized ross setion are as follows [50℄.
In the q(U)(pa)q¯
(U)(pb) subproess,
−1Tqq¯ =
T+(û, t̂)
q2T
,
0Tqq¯ =
2Tqq¯ =
T+(û, t̂)
M2T
,
1Tqq¯ =
Q
qT
T−(û, t̂)
M2T
,
3Tqq¯ =
Q
MT
T+(û, t̂)
q2T
,
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4Tqq¯ = 2
T−(û, t̂)
MT qT
. (104)
In the G(U)(pa)q
(U)(pb) subproess,
−1TGq = −T+(ŝ, û)
q2T
t̂
ŝ
,
0TGq =
2TGq = −T+(−ŝ, û)
M2T
t̂
ŝ
,
1TGq = −Q
qT
T−(û, t̂) + (Q
2 − û)2
M2T
t̂
ŝ
,
3TGq =
Q
MT
T+(û, ŝ)− 2û(Q2 − ŝ)
q2T
t̂
ŝ
,
4TGq = 2
T+(û, ŝ) + 2 (Q
2 − ŝ) ŝ
MT qT
t̂
ŝ
. (105)
Next, the independent struture funtions in the single-spin ross setion are as follows.
In the q(P )(pa)q¯
(U)(pb) subproess,
−1Tqq¯ = −T+(û, t̂)
q2T
,
0Tqq¯ =
2Tqq¯ = −T+(û, t̂)
M2T
,
1Tqq¯ = −Q
qT
T−(û, t̂)
M2T
,
3Tqq¯ = − Q
MT
T+(û, t̂)
q2T
,
4Tqq¯ = −2T−(û, t̂)
MT qT
. (106)
In the q(P )(pa)G
(U)(pb) subproess,
−1TqG =
T+(t̂, ŝ)
q2T
û
ŝ
,
0TqG =
2TqG =
T+(t̂,−ŝ)
M2T
û
ŝ
,
1TqG = −Q
qT
T−(t̂, û) + (Q
2 − t̂)2
M2T
û
ŝ
,
3TqG =
Q
MT
T+(t̂, ŝ)− 2 (Q2 − ŝ) t̂
q2T
û
ŝ
,
4TqG = −2T+(t̂, ŝ) + 2(Q
2 − ŝ)ŝ
MT qT
û
ŝ
. (107)
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In the G(P )(pa)q
(U)(pb)subproess,
−1TGq = −T−(û, ŝ)
q2T
t̂
ŝ
,
0TGq =
2TGq = −T−(û,−ŝ)
M2T
t̂
ŝ
,
1TGq =
Q
qT
T−(û, t̂)− (Q2 − û)2
M2T
t̂
ŝ
,
3TGq =
Q
MT
T−(û, ŝ) + 2û(Q
2 − ŝ)
q2T
t̂
ŝ
,
4TGq = 2
T−(û, ŝ)− 2ŝ(Q2 − ŝ)
MT qT
t̂
ŝ
. (108)
Finally, the independent struture funtions in the double-spin ross setion are as follows.
In the q(P )(pa)q¯
(P )(pb) subproess,
−1Tqq¯ = −T+(û, t̂)
q2T
,
0Tqq¯ =
2Tqq¯ = −T+(û, t̂)
M2T
,
1Tqq¯ = −Q
qT
T−(û, t̂)
M2T
,
3Tqq¯ = − Q
MT
T+(û, t̂)
q2T
,
4Tqq¯ = −2T−(û, t̂)
MT qT
. (109)
In the G(P )(pa)q
(P )(pb) subproess,
−1TGq = − T−(ŝ, û)
q2T
t̂
ŝ
,
0TqG =
2TGq = −T−(−ŝ, û)
M2T
t̂
ŝ
,
1TGq = −Q
qT
T−(û, t̂)− (Q2 − û)2
M2T
t̂
ŝ
,
3TGq = − Q
MT
T−(û, ŝ) + 2û(Q
2 − ŝ)
q2T
t̂
ŝ
,
4TGq = −2T−(û, ŝ)− 2ŝ(Q
2 − ŝ)
MT qT
t̂
ŝ
. (110)
All other non-zero struture funtions an be obtained from Eqs. (104-110) by applying
the following transformation rules:
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ρ = −1, 0, 1, 2 ρ = 3, 4
ρTq¯q = ±ρTqq¯ ρTq¯q = ∓ρTqq¯
ρTq¯G = ±ρTqG ρTq¯G = ∓ρTqG
ρTGq¯ = ±ρTGq ρTGq¯ = ∓ρTGq
The upper sign in these rules should be used to obtain the struture funtions in the
unpolarized and double-spin ross setions. The lower sign should be used to obtain the
struture funtions in the single-spin ross setion. An additional rule should be applied to
the unpolarized and double-spin ross setions in order to relate the struture funtions in
the qG and Gq subproesses:
ρ = −1, 0, 2, 4 ρ = 1, 3
ρTqG =
ρTGq(û↔ t̂) ρTqG = −ρTGq(û↔ t̂)
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